The complementary exponential-geometric (CEG) distribution is a useful model for analyzing lifetime data. For this distribution, some recurrence relations satisfied by marginal and joint moment generating functions of k-th lower record values were established. They enable the computation of the means, variances, and covariances of k-th lower record values for all sample sizes in a simple and efficient recursive manner. Means, variances, and covariances of lower record values were tabulated from samples of sizes up to 10 for various values of the parameters.
Introduction
Record values and record times are of interest. For example, a meteorologist may deal with upper and lower record temperatures and precipitation levels, or a seismologist may be interested in earthquakes of record magnitude. Several attempts may be made in a sporting event to achieve a record, and records are made only when the attempt is a success. Usually, data on attempts to break records are not available. 
Here β is the scale parameter and θ is the shape parameter. The distribution exhibits decreasing and unimodal pdfs and increasing hazard rates.
The concept of recurrence is useful in reducing the number of operations necessary to obtain a general form for the function under consideration. It is also MOMENT GENERATING FUNCTIONS OF CEG DISTRIBUTION 4 used in characterizing the distributions, permitting the identification of population distribution from the properties of the sample.
One of the motivations here is the relative paucity of work concerning marginal and joint moment generating functions of k-th lower record values. The objective is to establish an explicit expression and recurrence relations for marginal and joint moment generating functions of k-th lower record values in a simple recursive manner. The so-obtained relationships enable us to compute all the moments of lower record values through using some mathematical software (e.g., Mathematica, Maple).
Record Values and Preliminaries
Let {Xn, n ≥ 1} be a sequence of iid random variables with cdf F(x) and pdf f(x). The j th order statistics of a sample (X1, X2,…, Xn) is denoted by Xj:n. For a fixed k ≥ 1, define the sequence {L (k) (n), n ≥ 1} of k-th lower record times of X1, X2,… as follows: 
KUMAR ET AL 5 and the joint pdf of for x > y. Let X1, X2,…, Xn be a random sample of the complementary exponentialgeometric distribution with pdf and cdf as in (1) and (2) (i, j) th partial derivatives with respect to t1 and t2, respectively.
Relations for Marginal Moment Generating Function
Establish the explicit expression and recurrence relations for marginal moment generating functions of k-th lower record values from complementary exponentialgeometric distribution as follows: Theorem 1. For the distribution given in (3), a positive integer k ≥ 1, and for
where Recurrence relations for marginal moment generating functions of k-th lower record values from the cdf (2) can be derived in the following theorem:
Theorem 2. For a positive integer k > 1, and for n ≥ 1 and j = 1, 2,…, 
Proof.
From (*), 
Combining (7) and (8)- (10),
Now, differentiating both the sides of (11) j times with respect to t,
The proof is complete.
Similarly, by using the relation in equation (**) and proceeding as above, obtain the following result:
Theorem 3. For a positive integer k > 1, and for n ≥ 1 and j = 1, 2,…,
Proof. Similar to the proof of Theorem 2.
By differentiating both sides of equations (6) and (13) with respect to t and then setting t = 0, we can obtain the recurrence relations for single moment of k-th lower record values from the complementary exponential-geometric distribution.
Remark 2.
Setting k = 1 in (6) and (13), deduce the recurrence relations for marginal moment generating functions of lower record values from the complementary exponential-geometric distribution.
Relations for Joint Moment Generating Function
Next, establish the explicit and recurrence relations for joint moment generating function of k-th lower record values from complementary exponential-geometric distribution.
Theorem 4. For a positive integer k > 1, and for n ≥ 1, 
Proof.
From (4),
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Remark 3.
Setting k = 1 in (14), deduce the explicit expression for joint moment generating function of lower record value from the complementary exponential-geometric distribution.
Theorem 5. For a positive integer 1 ≤ m ≤ n -2 and i, j = 1, 2,…, 
Proof.
From (4), for 1 ≤ m ≤ n -2 and i, j = 1, 2,…, 
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Differentiating both the sides of (20) i times with respect to t1 and then j times with respect to t2, 
Proof.
Similar to the proof of Theorem 5. By differentiating both sides of equations (15) and (21) with respect to t1, t2 and then setting t1 = t2 = 0, obtain the recurrence relations for product moments of lower k-th record values from the complementary exponential-geometric distribution. 1 2 E E 1 
